Diffuse ultrasonic backscatter measurements have been especially useful for extracting microstructural information and for detecting flaws in materials. Accurate interpretation of experimental data requires robust scattering models. Quantitative ultrasonic scattering models include components of transducer beam patterns as well as microstructural scattering information. Here, the Wigner distribution is used in conjunction with the stochastic wave equation to model this scattering problem. The Wigner distribution represents a distribution in space and time of spectral energy density as a function of wave vector and frequency. The scattered response is derived within the context of the Wigner distribution of the beam pattern of a Gaussian transducer. The source and receiver distributions are included in the analysis in a rigorous fashion. The resulting scattered response is then simplified in the single-scattering limit typical of many diffuse backscatter experiments. Such experiments, usually done using a modified pulse-echo technique, utilize the variance of the signals in space as the primary measure of microstructure. The derivation presented forms a rigorous foundation for the multiple scattering process associated with ultrasonic experiments in heterogeneous media. These results are anticipated to be relevant to ultrasonic nondestructive evaluation of polycrystalline and other heterogeneous solids.
I. INTRODUCTION
Acoustic propagation in random media at wavelengths comparable to or greater than the size of typical heterogeneities is widely studied, often with a view toward characterization of the microstructure. At low frequencies, such that the wavelengths are very long compared with the length scales of the heterogeneity, the medium is an effectively homogeneous continuum. Measurements of acoustic wave speeds, attenuations, and allowed acoustic polarizations can provide a means for material characterization, 1-7 though microstructural features are not resolved. In such media the chief source of coherent wave attenuation is dissipative and generally unrelated to the microstructures of interest. At moderate frequencies, attenuation is augmented by diffuse scattering [8] [9] [10] out of an acoustic beam leading to the possibility of microstructure characterization by means of the frequency dependence of acoustic velocities and attenuation. At slightly higher frequencies where one expects to find significant dependence on microstructure, there is much less literature. This is largely traceable to the very high mean field attenuations characteristic of this frequency range; coherent propagation is too weak for measurement except in special circumstances. 11 Diffuse multiply scattered fields, however, are not adversely impacted by strong attenuation of the coherent propagation. After many random scatterings or reflections, an acoustic field has lost its original phase coherence, and the field variables become random, with zero mean. The mean square of the field, related to the mean wave energy density, however, remains a meaningful quantity. Diffuse field studies have successfully characterized sources, fields, and media by means of measurements of the evolving wave energy. [12] [13] [14] [15] [16] [17] Ultrasonic diffuse field studies have shown themselves capable of characterization of internal friction in polycrystalline microstructure and associated grain noise, [13] [14] [15] [16] [17] revealing the Anderson localization of the modes of a disordered structure, 18 and characterization of ultrasonic sources by means of the spectral distribution of the resulting diffuse wave energy. 19, 20 Of particular interest here are the ultrasonic studies of diffuse waves in multiply scattering elastic media. They may be classified in two groups. One concerns work, theoretical 21 and experimental, 17 in which the received signal is modeled as consisting entirely of singly scattered contributions. The other assumes, and/or models, the received signal as thoroughly multiply scattered, i.e., as a fully developed diffuse field. 16, [22] [23] [24] [25] [26] The former case presumably applies at times sufficiently soon after a transient source has acted, while the latter case applies at times sufficiently long after that source has acted. A clear distinction between the two regimes obvi-ously requires that studies be carried out in the time domain.
But it also demands that we understand the transition between the regimes, a topic excluded from previous investigations. The first of these demands regarding the time domain analysis has not been met. The second, regarding the transition regimes, is an inconvenience at best, and at worst ͑if signals at early times are contaminated by electronic cross talk or double scattering, and if late times are inaccessible because of strong absorption͒ will prohibit application of these diffuse energy methods entirely. For this reason a theory for the transition regime is needed. Several years ago, it was recognized that diffuse ultrasonic energy, at all times from the singly scattered regime to the fully developed regime, ought to be governed by equations like those already known for the transport of diffuse optical energy through multiply scattering atmospheres [27] [28] [29] [30] [31] [32] and the transport of neutrons through reactors, [33] [34] [35] that is, an equation of radiative transfer. In a series of theoretical papers, Turner and Weaver 22, 23, 21 in an ultrasonic context, Papanicolaou and co-workers, 36 and van Tiggelen and co-workers 37, 38 for seismic waves and elastic waves, 39, 40 developed equations of radiative transfer ͑RTE͒ for elastic waves in multiply scattering media and argued by consideration of energy flow and conservation.
The form that these equations take is instructive. The relevant dependent variable is not energy, or even energy flux, but specific intensity. For a scalar wave this quantity has a single component, I͑x , n , t , ͒, which may depend on position x, time t, frequency , and direction of propagation n . I represents the energy flux in a frequency band of unit width, per unit solid angle in direction n at frequency at time t and position x. The scalar RTE for I is given by ‫ץ‬I͑x,n ,t͒ ‫ץ‬t + cn · ١I͑x,n ,t͒ + I͑x,n ,t͒
where the dependence on frequency, , has been suppressed. Equation ͑1͒ indicates that I is transported at a speed c in direction n , attenuates at a rate ͑per unit time͒ , and is augmented by scattering from direction m into direction n . The scattering function p is characteristic of the microstructure. The attenuation, , will have contributions from both scattering and dissipation.
For an electromagnetic wave 41, 27 or an elastic wave 22 Solution methods, established for applications to optical and neutron transport, are most developed for the planarindependent case corresponding to a steady state planar source of specific intensity. Solutions are obtained with spatial dependence confined to a single dimension. Such limits allow application to a wide class of problems encountered in stellar and planetary atmospheres. In ultrasonics, however, where measurements must be carried out in the time domain, and where insonification is rarely a plane wave, such limits are inapplicable. Numerical solutions of elastic wave RTE have been obtained by Turner and Weaver 22, 23, 21 for the steady-state case and for the time domain but have so far been confined to the case of planar insonification. More work is needed. It is not obvious, however, how an equation like Eq. ͑1͒ should be applied to the case of insonification and detection by realistic piezoelectric transducers. It is not difficult to insert, in Eq. ͑1͒, a source term corresponding to a pencil beam or a spherical wave in an attempt to model a transducer, but real transducers do not generate intensity in that form. In addition, it is not clear what errors might be induced by so doing. By reciprocity, the same uncertainty applies to the modeling of detection. Furthermore, and perhaps more disturbing, Eq. ͑1͒ lends itself with difficulty to a rational interpretation ͑notwithstanding that it has been derived reasonably͒. In particular, the dependent variable I is ostensibly defined at arbitrary time and frequency, and at arbitrary position and propagation direction. However, these are complementary independent variables, and any prescription for simultaneous dependence on t and , or x and n ͑because propagation direction n corresponds to the direction of a wave vector k in spatial Fourier transform space͒ is suspicious. One might suspect that Eq. ͑1͒ involves an approximation akin to those employed in ad hoc signal processing schemes, 42 which attempt simultaneous decomposition in time and frequency. In any case it is clearly appropriate to revisit the derivation of Eq. ͑1͒, but with care taken to insert the transducers themselves into the model from the start. This is the purpose of the present communication.
In Sec. II the problem of mean and mean square signals from model source and receiver distributions in a random medium is formally posed. It is solved by familiar perturbative techniques, involving expansions to leading order in fluctuating material properties. The mean signal ͑or mean square signal͒ is shown to be equal to a certain convolution between the mean Green's function ͑or Green's covariance͒ and the model transducer functions. A Dyson equation is obtained for the mean Green's function, and a Bethe-Salpeter equation is obtained for the Green's function covariance. The latter equation is expanded in a multiple scattering series and the results inserted into the previously derived convolution expression for the mean square signal. It is found that the mean square signal from the receiver is expressible as a multiple scattering series. Each term of that series involves a concatenation of generalized Wigner distribution functions. 43 By comparison with the RTE it is found that the mathematics indicates that the potentially irrational concept "specific intensity" is actually a rational concept, a Wigner transform. There are no ad hoc prescriptions for simultaneous time and frequency distributions; the mathematics clearly indicates that it is the Wigner function which plays the role of specific intensity. It furthermore shows that transducers are not to be represented by the specific intensity they generate, but rather the more precise concept, their field's Wigner distribution.
II. MATHEMATICAL PRELIMINARIES I: DYSON EQUATION AND THE MEAN GREENS' FUNCTION
We begin with the governing partial differential equation ͑PDE͒ for the Green's function of an elastic medium with constant material density ͑set to unity͒ and modulus that varies randomly in space
͑2͒
The position-dependent modulus tensor klij ͑x͒ has a mean value of C klij 0 , and fluctuations away from the mean given by ␥ ijkl ͑x͒ = ijkl ͑x͒ − C ijkl 0 . This form for the PDE corresponds to the case of a random polycrystal, in which case C 0 is the volume average, or Voigt, effective modulus. If is taken in the form ijkl = ͑x͒␦ kj ␦ il we can recover a simpler equation, for a scalar medium, that could correspond ͑in two dimensions͒ to an antiplane shear wave in a medium of constant density = 1, and fluctuating shear modulus . In this case G represents antiplane displacement. The simplified version could also correspond to an acoustic pressure wave in a medium with constant bulk modulus, and fluctuating material density 1 / = . Neither of these interpretations of the similar version of Eq. ͑1͒ correspond to a practical system, but such interpretation may nevertheless be of utility for numerical simulations, as a scalar analog to the elastic wave equation for a medium with constant material density and fluctuating moduli, much like a polycrystal.
The perturbative technique to be employed considers effective properties to leading order in the strength of the fluctuations. As their mean ͗␥͘ is zero, the leading order nontrivial quantity is the moduli-covariance ⌳, such that
where the angular brackets ͗ ͘ are used to define the ensemble average quantities. On the assumption of statistical homogeneity, the moduli covariance has been taken to depend only on the difference between vector x and y. In previous work we have taken the modulus covariance to factor into a scalar function of distance ͉x − y͉ and a constant eighth rank tensor. 16, 23 The temporal Fourier transform of G is defined by
in which case Eq. ͑2͒ becomes
where an i has been included to emphasize the infinitesimal positive imaginary part of . Causality ͑the vanishing of G for negative values of t͒ assures that the Fourier transform is analytic in the upper half complex plane. Thus one understands to be complex: → + i, where is an infinitesimal positive quantity. This is a common device, and allows one to guarantee the existence of the Fourier transforms of nonsquare integrable functions, and to resolve the corresponding singularities. 16, 44 Note that in Eq. ͑5͒ the dependence of G has been suppressed, but will be included from time to time for clarity.
The mean solution ͗G͘ to Eq. ͑5͒ is expressible as the solution of an integral equation:
in terms of the bare Green's function, G 0 ͓G 0 ϵ the solution to Eq. ͑5͒ when ␥ =0͔ and in terms of the self-energy operator m. Equation ͑6͒ is termed a Dyson equation. 16, 45 The first-order smoothing approximation for the selfenergy is given by
which is exact to this leading order in the modulus fluctuations ͑under the assumption that ␥ Ӷ C 0 ͒. These expressions are simpler after employing a spatial Fourier transform. The spatial Fourier transform of an operator like G or m, with two spatial arguments is defined by
͑8͒
Thus, the double spatial Fourier transform of G 0 is
The delta-function character is attributable to the homogeneity of the bare medium: G 0 ͑x , y͒ = G 0 ͑x − y͒. The Fourier transform in Eq. ͑9͒ has an inverse
G 0 ͑p͒ is readily constructed by Fourier transforming Eq. ͑5͒ for the case ␥ = 0 and then solving the resulting Christoffel equations
may be inverted in closed form under some circumstances. If the Voigt moduli are isotropic, G 0 may be decomposed into longitudinal and transverse parts,
The statistical homogeneity and isotropy of the medium also implies that the self-energy must have a double spatial Fourier transform with a delta-function form
͑14͒
It also implies this form for the mean Green's function
͑15͒
The Dyson equation is easily solved in the spatial Fourier transform domain,
The effective wave number p is the wave number of the mean Green's function, the value of p at which ͗G͘ is singular. These are the solutions p of the algebraic equation
Thus, the problem of determining the mean response reduces to that of determining the self-energy. The real part of p is inversely proportional to the wave speed and the imaginary part is proportional to the attenuation coefficient ␣. When the self-energy is given by the first-order smoothing approximation, 45 the Fourier transform of the self-energy ͑Eq. ͑7͒͒ is
where extensive use has been used made of integration by parts. By defining the spatial Fourier transform of ⌳ as
we can reexpress as a convolution in wave number space between G 0 and ⌳,
The Dyson equation governs the evolution of the mean field. Attenuations are then obtained from the imaginary part of the effective wave number. The mean square response, the quantity needed to describe diffuse-field measurements, is proportional to the covariance of the mean Green's function. Therefore, the covariance of the mean Green's functions is now examined using the Bethe-Salpeter equation and ladder approximation.
III. MATHEMATICAL PRELIMINARIES II: BETHE-SALPETER EQUATION AND THE GREEN'S FUNCTION COVARIANCE
Calculations of mean responses, related to ͗G͘, are not sufficient for the diffuse field measurements in which signals are squared before averaging. For this case, past work has examined the mean square Green's function. In general, however, the quantity of relevance is the Green's function covariance
for which there also exists a multiple scattering formalism. We henceforth suppress the and + ⍀ dependencies, taking the asterisk to imply + ⍀ as well as complex conjugate. ͗GG * ͘ may be inverse spatially Fourier transformed, with respect to all four spatial variables
where the delta function is a consequence of the statistical homogeneity of the medium. It is conventional to employ the delta function and a change of variables pЈ = p + ⌬, and consider only the three wave vector dependent quantity q+⌬ q H p+⌬ p . The covariance is given by the solution of the BetheSalpeter equation 16 ,45
where the double mean field Green's function ⌫ is
which describes the propagation of the square of the mean field. The Bethe-Salpeter equation is formally exact, but approximation is necessary for the operator K ͑also known as the intensity operator͒. In what is often called the ladder approximation because of the shapes of the corresponding Feynman diagrams, K is approximated, like the mass operator, to leading order in the fluctuating moduli, i.e., to order ⌳,
The Bethe-Salpeter equation may be expanded in a multiple scattering series. To second order in K it is
The first term on the right-hand side of Eq. ͑26͒ describes a coherent propagation of covariance from source to receiver. The second term describes a coherent propagation at wave vector q, followed by a scattering to wave vector p. The third term in Eq. ͑26͒ is composed of five factors. The ⌫ factor on the right describes a coherent propagation, at wave vector q, from the source to the first scattering, the next factor K describes a scattering to wave vector s, another factor ⌫ describes coherent propagation at wave vector s to the second scatterer, at which the final wave vector p is produced. The final factor ⌫, at wave vector p, propagates the covariance coherently to the receiver. These expressions simplify substantially when Feynman diagrams are employed. The above-mentioned mathematical preliminaries recapitulate, with minor generalizations, some of the material by Weaver. 16 In that work these equations were applied to the particular case of a point source and a point receiver in a statistically isotropic polycrystal composed of cubic crystallites. A diffusion equation was derived governing the elastic wave energy on sufficiently long time scales, longer than typical times between successive scatterings. An expression for the diffusivity was obtained in terms of microstructural parameters. Later, Turner and Weaver 21 applied these equations to a less severe limit in which scattering is assumed weak over distances of a wavelength, but in which time scales were not restricted. They transformed the BetheSalpeter equation into a radiative transfer equation similar to Eq. ͑1͒. Little attention was paid in that derivation to the roles played by particular sources and receivers, so the ambiguities mentioned in Sec. I were not addressed. Indeed, the purpose there was to derive rationally the otherwise heuristically asserted RTE and thereby to determine expressions for the scattering coefficients in that RTE. In this communication we propose to apply Eqs. ͑2͒, ͑3͒, and ͑7͒ to the particular case of a phase coherent source and receiver, and to determine a radiative-transfer-like equation governing the mean square signal produced at the receiver. This question is the more appropriate one if the intent is to model typical ultrasonic measurements.
IV. SOURCES, RECEIVERS, MEAN, AND MEAN SQUARE SIGNALS
We consider a medium with a body force that is distributed in space, time, and direction B ␣ ͑x͒S͑t͒. The factoring into distinct functions of space and time is characteristic of a real transducer, but is not required for subsequent analysis. The source produces a field
written here as a convolution in space and time between the Green's function of the medium and the source, where represents a temporal convolution. The ensemble average of this response is
because the source distribution is nonstochastic. The spatial and temporal Fourier transform of Eq. ͑28͒ is
Thus the Fourier transformed average field is given by a simple product of the Fourier transform of the source function and the average Green's function. One can also define a receiver sensitivity distribution function A ␣ ͑x͒R͑t͒ which when convolved with a field ⌿ gives the signal produced by the transducer. If convolved with the Green's function of the medium, it gives the response of the receiver at time t to a point source acting in direction ␤ at time zero and position x is
can also be averaged and Fourier transformed giving
Note that the spatial Fourier transforms of ⌿ S and ⌿ R are defined with the opposite sign in the exponent.
If the field produced by the source is detected by the receiver, the resulting signal, ͑t͒, is given by the following convolution:
The position of the receiver and source is implicit in the factors A ␤ ͑x͒ and B ␣ ͑xЈ͒, which will have their chief support in the vicinity of those respective transducers. It is this expression that will serve formally to define the "signal," and of which we will take the mean and mean square. As the source and receiver characteristics are nonstochastic, the mean signal is obtained from Eq. ͑32͒ simply by replacing G with ͗G͘. The mean square is more complicated, but clearly entails the covariance. The temporal Fourier transform of ͗͘ is
On substituting spatial Fourier representations for A and B one obtains
Diffuse field techniques typically analyze the square of the signal. Thus we need an expression for ͗ 2 ͑t͒͘ = ⌽͑t͒ and its temporal Fourier transform given by
After performing the t and Ј integrations, it may be reexpressed in terms of the receiver and source characteristics and Green's function covariance
where the covariance of the Green's function can be expressed in terms of its ͑12-fold͒ spatial inverse Fourier transform
On substituting Eq. ͑37͒ into Eq. ͑36͒, and performing the integration over space, one obtains
This expression characterizes the mean square signal ͑in the frequency domain͒ in terms of the transducer properties and the scattering medium.
V. SCATTERED RESPONSE
We now substitute the multiple scattering series of Eq. ͑26͒ into Eq. ͑38͒ for ⌽ and conclude with a multiple scattering series expression for the mean square signal. The zeroth-order term is obtained most easily as
which implies that
To zeroth order the mean of the square is the square of the mean. A good diffuse field measurement is designed so that the mean response ͗͘ vanishes. Consequently ⌽ 0 vanishes also.
To first order in powers of K, ⌽͑͒ is
The quantities in square brackets ͓ ͔ are the Fourier transforms of the ͑real-valued͒ fields ⌿ R and ⌿ S . Therefore,
͑42͒
On making further variable changes
we obtain
The integrations over , , Ј, and Ј can be done by reference to a definition of a four-fold Wigner transform. For source and receiver fields we use opposite sign conventions,
͑45͒
Equation ͑45͒ is spatial and temporal generalizations of the more well known temporal Wigner transform widely discussed in signal processing 42, 46 and others areas such as imaging, 47 optics, [48] [49] [50] and so on. W represents a distribution in space and time X , T of spectral energy density as a function of wave vector k and frequency .
Using the definitions in Eq. ͑45͒ we conclude with an expression for the singly scattered contribution to ⌽:
At this point it is necessary to argue that the ⌬ and ⍀ dependence in K is negligible. This assumption is the key approximation that allows radiative transfer-like equations to be obtained from the otherwise more general Bethe-Salpeter equation. This then allows the ⌬ integration, and the integration over ⍀ entailed in the inverse Fourier transform needed to recover ⌽͑t͒, to be done immediately. One finds, after changing variables by means of a shift of by ⍀ / 2 and a shift of p and q by ⌬ /2,
͑47͒
In the ladder approximation for K as shown in Eq. ͑25͒, we see that there is no ⍀ dependence. Media for which the inhomgeneities entail factors of ͑for example, inhomogeneities in mass density͒ will generate weak ⍀ dependence in K; media for which the scatterers have dynamic internal variables ͑a case in which internal variables are resonant͒ will generate a stronger ⍀ dependence in K, even with the ladder approximation. If one employs a more complex approximation for K than the ladder approximation, e.g., a K that includes processes by which there is an internal propagation by ͗G͘, there will be an ⍀ dependence. All such dependencies correspond to time delays between the arrival of a coherent wave at a scatterer and its subsequent reemision from a scatterer. As we often take the scatterers to have no significant frequency dependence we do not further consider this possibility here. K has, even with the ladder approximation, an explicit dependence on ⌬. If we were to include the several terms involving ⌬, then it would be augmented by extra terms, but with the derivatives of the W's with respect to X in lieu of the W's themselves. These additional terms would be smaller by factors of the ratio of the length scale over which W varies to the length scale given by p or q. Thus as long as the Wigner function of the source and receiver fields varies, with X, slowly on the scale of the wavelength, the ⌬ dependence in K is safely neglected. This assumption, that ⌬Ӷ / c L , is the same one that allows the Bethe-Salpeter equation to be recast as an equation of radiative transfer. 16 This requirement does assert some interesting restraints on the application of Eq. ͑47͒. Because W must attenuate like the energy of a coherent field, it implies that the attenuation of the mean Green's function should be moderate or small over distances of a wavelength: ␣Ӷ2. It also implies that the near field of a point source ͑and the focal region of a sharply focused source͒ must be a minor part of the multiple scattering process, this is, that very little scattering takes place in any region where the field is changing amplitude over length scales of the order of /2. Because the mean free path is equal to or somewhat longer than 1 / 2␣, this constraint is also equivalent to ␣Ӷ2.
From Eq. ͑47͒, we see that the singly scattered contribution is a convolution in time and space of the product of the Wigner distributions of the beam pattern of the source and receiver, mediated by the scattering strength K from wave vector q to wave vector p. The Wigner distributions that enter into this description are the Wigner transforms of the coherent fields associated with source and receiver, the fields that would be present if the source and receiver were placed in a medium described by the average Green's function. Equation ͑47͒ is one of the key results of this article.
VI. WIGNER TRANSFORM OF A PISTON TRANSDUCER
The variance of the signal obtained from a typical C-Scan is defined here as the singly scattered response. In such experiments the signals are acquired at various positions of the transducer and the scattering from the focal depth is analyzed to infer microstructural information by examining the statistics of the signals. The variance of the signal at the focal region may be modeled using Eq. ͑47͒. Thompson and Gray previously derived an expression for the singly scattered response ͑SSR͒ for polycrystalline materials. 51 A comparison of their theoretical model with experiment results was first presented by Margetan et al. 17 Their model was derived for longitudinal-to-longitudinal scattering only. Here, Eq. ͑47͒ is used to derive an expression similar to that of Thompson and Gray but within the full multiple-scattering context derived earlier. Such a derivation will allow the limits of the single-scattering assumption to be explored more fully in the future. Equation ͑47͒ is examined for a specific case used extensively for microstructure measurements, for which the same transducer is used as both source and receiver. Since the focus here is on the longitudinal-to-longitudinal SSR, the Wigner transform of the receiver and the source simplify from the generalized tensorial form given by Eq. ͑45͒.
The longitudinal component of the mean Green's function in space and time is given by 16 
͗G͑x,xЈ,t͒͘
where ␣ L is the longitudinal attenuation coefficient. Here, the body force is assumed to be a Gaussian pulse in space at z = 0 and is given by
where w 0 is the effective transducer radius, B 0 is the force per unit area, and n ␣ is the unit normal to the transducer face.
Thompson et al. 52 calculated w 0 and B 0 and explained the procedure to obtain the specific values for calibration of a transducer. The source is also assumed to be a Gaussian pulse in time such that
where 0 is the forcing frequency and is the width of the pulse. The mean source field is
where denotes a temporal convolution. The temporal convolution becomes
where ͉x − xЈ͉ = ͱ ͑z − zЈ͒ 2 + ͑x − xЈ͒ 2 + ͑z − zЈ͒ 2 , and k 0 = 0 / c L . Within the context of the paraxial approximation, the square root is expanded to first order as ͑͑z − zЈ͒ + ͕͑x − xЈ͒ 2 + ͑y − yЈ͒ 2 ͖ /2z͒ and to zeroth order in the amplitude term as ͑z − zЈ͒. Such an approximation, although not necessary, allows Eq. ͑47͒ to be simplified greatly. Thus, under this approximation Eq. ͑52͒ becomes
͑53͒
Performing the convolution in space reduces Eq. ͑51͒ to
͑54͒
In Eq. ͑54͒, w͑z͒ is the Gaussian beam width, R͑z͒ the radius of curvature of the wave front, and ⌿ 0 ͑z͒ is the excess phase defined by
where 0 =2 / k 0 . The mean source field can also be written in the form
where r 2 = x 2 + y 2 . The amplitude A͑r , z , t͒ and the phase ⌰͑r , z , t͒ of the source field are given as
Using high-frequency asymptotics, where it is assumed that A͑r , z , t͒ varies much slower than e i⌰͑r,z,t͒ , the Wigner transform of ͗⌿ ␤ S ͘ can be approximated by 36, 54 W͑x,t,k,͒ = ͑2͒ 4 ͉A͑x,t͉͒
Thus the space-time Wigner transform of the mean field becomes
The terms in the delta functions
are assumed negligible when compared with k 0 . This implies that all the energy is primarily in the k z = k 0 direction, which is along the transducer axis ͉͑k͉ 
is the second primary result of this article. It describes the distribution of longitudinal energy in space, time, frequency, and wave vector resulting from a piston transducer. It should be noted that the delta function expressions for frequency and wave vector may correspond to limits of Gaussians, a result that depends on the ansatz for the Wigner transform ͑e.g., time-space, frequency-space, timewave vector, frequency-wave vector͒.
VII. SINGLY SCATTERED RESPONSE FROM A PISTON TRANSDUCER
Using the expression for W given in Eq. ͑61͒ for both the source and receiver, Eq. ͑47͒ is now simplified. First the spatial and the tensorial components are assumed to be independent and written as 55
where ͑p͒ is the Fourier transform of the spatial correlation function. Next the intensity operator is written from the definition in Eq. ͑25͒ as ͑neglecting the slowly varying ⌬ dependence͒
The SSR then becomes
͑64͒
The integration over p , q , and are trivial due to the ␦ function dependence. In typical diffuse backscatter measurements the angle between the propagation and scattered direction is for a normal incidence pulse echo setup. Therefore, p 0 · n =1, q 0 · n = −1, and p 0 · q 0 = −1. Thus the SSR is
where 
The singly scattered response is then
The integration in the lateral dimensions, x and y, characterizes the effect of scattering from a plane at depth z in the material. 17 It is given by
The temporal integration becomes
͑69͒
Substituting Eqs. ͑68͒ and ͑69͒ into Eq. ͑67͒, the SSR becomes
͑70͒
where
is defined such that ⌽ 1 ͑t͒ / ⌽ 0 is a dimensionless quantity. The parameters , w 0 , and B 0 in Eq. ͑71͒ may be obtained while calibrating and characterizing transducers for typical ultrasonic pulse-echo experiments ͑i.e., B 0 can be calculated from the amplitude of the reflected signal from the surface of the test sample͒. Also, and w 0 are related to a Gaussian envelope fit to the input signal.
The integrand in Eq. ͑70͒ is related to the transducer beam model. The term in square brackets ͓͑ /2͒ ϫ͑ 0 4 / c L 8 ͒͑͒⌶ ....p p....p p͔͑͒ is known as the diffuse backscatter coefficient, 17, 56 which depends on the microstructural properties of the material and thus controls the amplitude of the SSR. Equation ͑70͒ is the third primary result of this article, a quantity that may be compared directly with experiments involving transducers. In a typical diffuse backscatter experiment the standard deviation of the signals ͓square root of Eq. ͑70͔͒ is often used. 17 In Sec. VIII the SSR model, given by Eq. ͑70͒, will be shown to match qualitatively with the Thompson and Gray model. 51 Their model was developed to include the interface between a liquid and solid boundary, an aspect that is not currently included in the derivation presented here. A rigorous comparison between the two models is now under development. However, it should be noted that differences between the two models are to be expected since the two models are fundamentally different, with the present model based on the fourfold Wigner transform of the transducer beam pattern.
VIII. EXAMPLE RESULTS
Example results are now presented for specific cases of polycrystalline aluminum and iron. The single-crystal material properties used for aluminum are c 11 = 103.4 GPa, c 12 = 57.1 GPa, c 44 = 28.6 GPa, = 2700 kg/ m 3 ͑c L = 6289 m / s͒ and for iron are c 11 = 216 GPa, c 12 = 145 GPa, c 44 = 129 GPa, = 8000 kg/ m 3 ͑c L = 5740 m / s͒. The ultrasonic beam from a focused transducer converges to a plane known as the focal plane. The best resolution is generally obtained at the focal depth. Hence, the peak amplitude of the scattered response appears near the focal plane in the material. In the following examples, the transducer diameter is chosen as w 0 = 6.35 mm and the focus into the material is 12 mm.
The SSR given by Eq. ͑70͒ for a piston transducer can be easily used for a focused Gaussian beam using the following definitions for the beam width and the curvature:
where R͑0͒ =−F with F the focal point. These transformations do not violate any assumptions made previously as long as the focus is not near the transducer surface. Equation ͑72͒ reduces to Eq. ͑55͒ as R͑0͒ → ϱ ͑for a planar transducer the focal point approaches infinity͒. The Fourier transform of the two-point correlation func-
where L is the correlation length. A correlation length of 20 m is used for both materials ͑for aluminum ␣ 
͑73͒
where is the density and = c 11 − c 12 −2c 44 for cubic symmetry. The first example result is that of the Wigner transform for a focused transducer. The spatial and time-dependent part of the Wigner transform in Eq. ͑61͒ is given by
͑74͒
Along the transducer axis ͑r =0͒, this expression becomes
which describes the amplitude of the Wigner transform of the mean source field along the z axis. The contour of this amplitude is shown in Fig. 1 for aluminum. The color bar indicates the amplitude value of the contour. The contour has a peak arrival at the focus ͑F =12 mm͒ at t = 1.91 s. The amplitude is maximum around the focal region and approaches zero away from it. The contour is a Gaussian curve along the line defined by 2c L t − z =0.
Example results for the SSR, Eq. ͑70͒ normalized by ⌽ 0 are shown in Fig. 2 . The central frequency of all the input signals is 15 MHz. The SSR given by Eq. ͑70͒ depends on the input signal duration . The SSR for various input signals of time duration t =1, 2, 3, and 4 s are shown. From Eq. ͑70͒ and the Gaussian beam parameters shown in Eq. ͑72͒, the effects of the duration of the input signal on the SSR are shown in Fig. 2 . The SSR increases with an increase of the total energy of the input signal. The SSR for 4 s is almost double that of the 1 s input signal.
A comparison of the SSR for aluminum and steel is shown in Fig. 3 . The amplitude of the singly scattered response increases as the scattering in the material increases. The peak amplitude for steel is higher than for aluminum by more than a factor of 10. The peak arrival time for the two results also differs since the focal depth depends on the sound speed of the respective material.
Finally, the influence of the focal depth is also examined. The SSR for focal depths of 0.012, 0.02, 0.1, and 1 m in an aluminum sample are shown in Fig. 4 . As the focal length increases and approaches infinity ͑similar to a planar transducer͒, the peak in the SSR shifts and finally vanishes. The convergence of the energy at the focal point results in a SSR enhancement over that from an unfocused transducer.
IX. SUMMARY
A theoretical model of SSR in polycrystalline materials for longitudinal-to-longitudinal scattering is presented. The mean response of the medium is deduced using the firstorder smoothing approximation of the self-energy from the Dyson equation. Then the Green's function covariance is derived from the Bethe-Salpeter equation which includes all orders of scattering information, within the context of the ladder approximation. Then the covariance is simplified within a single scattering assumption in conjunction with the Wigner transform of transducer beam model. The Wigner transform of the beam model is proportional to the energy of the source field in the media as a function of space, time, wave vector, and frequency. Finally, the model derived here is tested for a Gaussian beam model with a paraxial approximation and example results are shown for materials of common interest. The model is tested for various parameters ͑such as the focal depth and duration of the input signal͒, to observe their influence on the results.
The model for the SSR derived here can be used for microstructural evaluation in the same way that the Thompson and Gray model 17 has been used: to infer microstructural information or to identify flaws within a heterogeneous medium. However, one of the impacts of this derivation is associated with the limits of the single-scattering assumption. Since the SSR was derived here within the context of a full multiple scattering formalism, the influence of higher-order scattering can be rigorously examined for realistic measurements ͑i.e., with a transducer model included in the analysis͒ as a function of space and time. Thus, experimental data that do not appear to satisfy this assumption may ultimately be understood. Margetan et al. 57 have shown the effects of multiple scattering in backscatter measurements for a strong scattering material. The present model can also predict the response for a pitch-catch scattering measurement setup where the transmitter and the receiver transducer are oriented at an angle relative to one another. 58 The pitch-catch method is mainly used to invoke shear wave propagation in the materials. In addition, the development of new, innovative characterization methods that exploit multiple scattering may be anticipated in the future. Finally, it is expected that the derivation of the Wigner distribution for the focused Gaussian beam developed here may be easily generalized to other transducer models, expanding the range of applicability of this derivation. The wide variety of potential new studies of heterogeneous media is exciting indeed.
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